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Quantum Metrology in Correlated Environments
Dong Xie∗ and An Min Wang†
Department of Modern Physics , University of Science and Technology of China, Hefei, Anhui, China.
We analytically obtain the precision bounds of frequency measurements in correlated Markovian
and non-Markovian environments by using a variational approach. It is verified that in standard
Ramsey spectroscopy setup, the metrological equivalence of product and maximally entangled states
persists in maximally correlated Markovian and non-Markovian environments. We find that the
optimal measurement can achieve a much higher resolution than standard Ramsey spectroscopy
in the correlated environments. When the number of particles in the maximally entangled states
is even, the precision bound decreases with interrogation time; and when the number is odd, the
precision bound is independent of interrogation time, both in correlated Markovian and general non-
Markovian environments. In addition, the opposite case can appear in some special non-Markovian
environments.
PACS numbers: 06.20.-f, 03.65.Yz, 03.67.Mn, 07.60.Ly
I. INTRODUCTION
Quantum metrology is a fundamental and important
subject, which concerns the estimation of parameters un-
der the constraints of quantum dynamics [1–5]. The
Crame´r-Rao bound limits the uncertainty in the estima-
tion of a parameter [6–8].
Environments can bring great impact on quantum sys-
tems, leading to play a very important role in quan-
tum metrology. Without suffering from environments,
entangled states can achieve a higher resolution as com-
pared to the precision limits achievable with uncorrelated
probes [9, 10]. In the real experiments, environments will
induce decoherence, which can affect the measurement
precision. S. F. Huelga et al. [11] first studied preci-
sion spectroscopy in the presence of Markovian dephas-
ing, and showed that given a fixed number of particles n
and a total available time T , uncorrelated and maximally
entangled particles can achieve exactly the same preci-
sion when subject to Markovian dephasing. Recently,
Yuichiro Matsuzaki et al. [12] and Alex W. Chin et al.
[13] explored quantum metrology in non-Markovian envi-
ronments respectively, and achieved that the metrological
equivalence didn’t hold.
Correlations between the environments can contribute
to the increase of the quantum efficiency of transport [14].
In photosynthetic light harvesting, environmental corre-
lation effects help the excitation energy transfer[15]. Cor-
related environments can generate strong nonlocal mem-
ory effects, although the local dynamics is Markovian
[16]. Role of environmental correlations has also been in-
vestigated in the non-Markovian dynamics of a spin chain
system[17]. In this article, we analyze whether the metro-
logical equivalence persists when the whole system suffers
from correlated Markovian and non-Markovian environ-
ments, which are unexplored up to now. In fact, cor-
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related environments maybe make the entangled probes
avoid or slow the global dephasing rate, leading to that
correlated environments have advantage over uncorre-
lated environments in quantum metrology. We mainly
research precision bounds when correlated environments
keep or increase the dephasing rate of the whole system.
Namely, what’s the best precision, which is achieved by
the optimal measurement in correlated environments.
The variational approach [18] and some symmetries
are used to research the precision bounds and solve the
open question left by Ref. [13]. For solving the problem
with respect to the correlated environments, we define a
general function F (w), which can effectively express the
impact of correlations among environments on the de-
phasing rate. Significantly and interestingly, it is found
that the standard Ramsey spectroscopy isn’t optimal in
the correlated environments, and the optimal measure-
ment can achieve a much lower frequency uncertainty. If
the probes are in product state, the precision bound de-
creases with the interrogation time t when the number of
particles n is even. So if experiments allow, the precision
bound can be close to 0 when the interrogation time t is
very large. And when the number of particles n is odd,
the precision bound is independent of the interrogation
time t. The same situation exists when the probes are
prepared in maximally entangled state. It reflects that
certain symmetries play an important role. It’s worth
mentioning that in some special non-Markovian environ-
ments, the opposite case appears. What’s more, compar-
ing with the case in the uncorrelated environments, the
correlations help to obtain a better resolution by using
the optimal measurement.
The rest of this article is arranged as follows. In sec-
tion II, we study the precision bounds in uncorrelated
Markovian and non-Markovian environments with the
help of variational approach. The precision bounds in
correlated Markovian and non-Markovian environments
are mainly explored in the section III. In section IV, we
discuss about the definition of Markovianity and non-
Markovianity, the influence of odd and even particles on
the precision, and the maximally correlated environments
2in experiment. Finally, we draw our conclusion in section
V.
II. UNCORRELATED ENVIRONMENTS
Let us consider a global system composed of n par-
ticles. The Hamiltonian of each system is described by
w0Z (~ = 1 in the whole article). The n particles suf-
fer from the corresponding n uncorrelated environments,
which induce the pure dephasing. The eigenvector of
Pauli operator Z is denoted by (|0〉, |1〉). The time evo-
lution of the reduced density matrix of the system (for
one particle) is given by
ρii(t) = ρii(0), (1)
ρ01(t) = ρ01(0)e
−2γ(t), (2)
for i=0, 1.
When the environment induces a pure Markovian de-
phasing, the function γ(t) = γt (γ is the decay rate).
Ramsey spectroscopy [19] gets the same frequency reso-
lution for maximally entangled and product state (using
the same notation as in Ref. [11, 13])
|δw0|e| = |δw0|u| =
√
2eγ
nT
, (3)
where T denotes the total duration of the experiment,
and w0 is the the atomic frequency.
The optimal frequency resolution from the best mea-
surement can be obtained by the variational approach
in Ref. [16]. The quantum Fisher information (QFI) is
given by
FQ[ρˆS(φ)] = min
hˆE(φ)
4〈[Hˆ(φ) − 〈Hˆ(φ)〉]2〉Φ, (4)
in which, Hˆ(φ) = HˆS,E(φ) − hˆE(φ), φ is the detuning
between the frequency w of the external oscillator and
the atomic frequency w0 to which we intend to lock it
to, |ΦS,E(φ)〉 is a purification of ρˆS(φ), and hˆE is the
Hermitian operator in the space of environment. The
best resolution is described by the expression
δw20 =
1
NFQ[ρˆS(φ)] , (5)
where the total number of experiment data N = nT/t.
According to the principle of variational approach in
Ref. [18] (see the Appendix), we choose the state
|ΦS,E(φ)〉 =
n∏
i=1
e−iφtZi/2e−i arccos(
√
P (γt))ZiY
E
i |ψ〉|0〉⊗nE ,
(6)
where P (γt) = 1+exp(−γt)2 ; Zi, Y
E
i are Pauli operators for
the ith system and environment respectively; |ψ〉 denotes
the initial state of the whole system. Suppose that n
systems are completely identical, and the corresponding
n environments are also same. Based on the symmetry,
let the operator
hˆE(φ) =
n∑
i=1
αXEi + βY
E
i + δZ
E
i , (7)
where α, β, and δ are three variational parameters. Then,
substituting Eq.(6) and Eq.(7) into Eq.(4), we can obtain
the minimum value by taking the derivative of three vari-
ational parameters above. As a result, the resolution is
given by
δw20(t) = (1 − 〈
n∑
i=1
Zi/n〉2ψ)
1 + nq[exp(2γt)− 1]
qn2T t
, (8)
where q =
∆(
∑n
i=1 Zi/n)
2
1−〈∑ni=1 Zi/n〉2ψ [20]. The best resolution
|δw0|opt =
√
2γ
nT , when q = 1 and 〈
∑n
i=1 Zi/n〉2ψ = 0.
Next, we consider that environments induce the pure
non-Markovian dephasing. As shown in Ref. [13], we
also study the simple power law form of γ(t) = γtν . The
case of ν = 1 corresponds to the Markovian case. And it’s
worth noting that the case of ν = 2 isn’t a specific feature
of chosen model, but rather a general consequence of the
unitary evolution of the total system and environment
state.
Using the Ramsey spectroscopy setup, the resolution
for an initial preparation of n particles in a product state
( |0〉+|1〉√
2
)⊗n and a maximally entangled state |0〉
⊗n+|1〉⊗n√
2
are given by
|δw0|u|R =
√
(2eγν)1/ν
nT
, (9)
|δw0|e|R =
√
(2eγν)1/ν
n(2−1/ν)T
. (10)
For the non-Markovian case, the function P (γt) =
1+exp(−γtν)
2 in the Eq.(6). So the optimal measurement
achieves that the resolution is similar to Eq.(8)
|δw0(t)| =
√√√√(1 − 〈 n∑
i=1
Zi/n〉2ψ)
1 + nq(exp(2γtν)− 1)
qn2T t
.
(11)
As a result, the optimal resolution is
|δw0|opt =
√
(2γν)1/ν
(1− 12ν )(1−1/ν)n(2−1/ν)T
(12)
for ν ≥ 1 and n≫ 1, when q = 1 and 〈∑ni=1 Zi/n〉2ψ = 0.
Then we define that the improvement
I =
min{|δw0|e|R, |δw0|u|R}
|δw0|opt . (13)
3For ν > 1, the maximum improvement of I = |δw0|e|
R
|δw0|opt =
[ e
(1− 12v )(1−ν)
]
1
2ν in the resolution is achievable. When ν =
1 (for the Markovian case), the maximum value of the
improvement I =
√
e, which is known result. As shown
in Fig.1, for ν > 1 the improvement is a mere constant to
be of the order of 1. For the most general non-Markovian
dephasing (ν = 2), the improvement I = 1.2. For 0 <
ν < 1, the analytical solution is hard to get, but it is
easy to verify it numerically in Eq.(11). For example,
when γ = 1/2, n = 100 and ν = 1/4, the improvement
I = 1. We perform a lot of validation, and find that
the improvement I is of the order of 1. In a word, it
follows the guess in Ref. [13] that like the Markovian
case (ν = 1), the improvement I is of the order of 1 in
the non-Markovian environment.
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FIG. 1: The graph shows that the improvement I changes
with the power ν, for ν ≥ 1. When ν approaches infinity, the
improvement I is close to 1. And when ν = 1, the improve-
ment I =
√
e corresponding to the Markovian case.
III. CORRELATED ENVIRONMENTS
In quantum metrology, the roles of correlated environ-
ments are unexplored up to now. It’s trivial that the
correlations among environments can make the entan-
gled states of whole system avoid decoherence, leading
to the improvement of resolution. Nontrivial question
arises: what is the optimal resolution when the corre-
lations keep or accelerate the global dephasing rate of
whole system.
The pure dephasing is induced by the system-
environment interaction. The coupling to environment
is described by Z ⊗ Bˆ, where Bˆ is operator of environ-
ment. So the dephasing of a system is given by
exp[−γ(t)] = Tr[ρˆE(0)e−i(Bˆ+HˆE)te−i(Bˆ−HˆE)t], (14)
where HˆE represents the Hamiltonian of an environment
and ρˆE(0) denotes the initial density matrix of an envi-
ronment. Then we can use a general function F (w) to
express the above equation
exp[−γ(t)] =
∫ ∞
−∞
dwF (w) exp(−iwt), (15)
where the general function F (w) ≥ 0 and ∫∞−∞ dwF (w) =
1. For example, the bath is composed of harmonic os-
cillators. The general function F (w) is described by a
spectral function J(w)[21–23]
F (w) =1/(2pi)
∫ ∞
−∞
dt exp[1/2
∫ ∞
0
dw′J(w′) coth(w′β/2)
1− cos(w′t)
w′2
] exp(iwt),
(16)
where β is the inverse of temperature.
For n same environments, the general function
F (w1, ..., wn) = sin
2 θF (w1)F (w2)...F (wn)+
cos2 θF (w1)δ(w1 − w2)...δ(w1 − wn).
(17)
When sin θ = 1, the environments are uncorrelated; when
sin θ = 0, the environments are maximally correlated.
And if n particles is subject to a single environment, it
can also be treated as n maximally correlated environ-
ments. For n particles, the total dephasing function of
(|0〉〈1|)⊗n in maximally correlated environments is de-
scribed by
exp[−Γ(t)] = Tr[(|0〉〈1|)
⊗nρS(t)]
Tr[(|0〉〈1|)⊗nρS(0)]
=
∫ ∞
−∞
dwF (w) exp(−inwt).
(18)
For a single particle, the dephasing function exp[−γ(t)] =∫∞
−∞ dwF (w) exp(−iwt). Then we can obtain that Γ(t) =
γ(nt)ν , according to that γ(t) = γtν .
In the maximally correlated environments, the fre-
quency resolution is achieved by Ramsey spectroscopy:
for the maximally entangled state |0〉
⊗n+|1〉⊗n√
2
δw0
2|e = 1
n2T te
e2n
νγtνe , (19)
for the product state ( |0〉+|1〉√
2
)⊗n
δw0
2|u = 1
nT tu
e2γt
ν
u . (20)
The optimal interrogation time te = (
1
2nγν )
(1/ν) and
tu = (
1
2γν )
(1/ν). So the relative frequency resolution
of entangled and uncorrelated probes r = |δw0|u|δw0|e = 1.
Namely, in maximally correlated environments, these two
initial preparations of probes are metrologically equiva-
lent for the standard Ramsey spectroscopy.
4The optimal measurement can improve the resolution
greatly. Firstly, we treat the maximally correlated envi-
ronments as a single environment. Choose the purifica-
tion of ρˆS(φ)
|ΦS,E(φ)〉 = e−iφtZ/2e−i arccos(
√
P (γt))|Z|(ν−1)ZY E |ψ〉|0〉,
(21)
where Z =
∑n
i=1 Zi and P (γt) =
1+exp(−γtν)
2 . And the
operator
hˆE(φ) = αX
E + βY E + δZE. (22)
Use the variational approach to get the QFI and achieve
the optimal resolution. For the general power law depen-
dence on time γ(t) = γtν , we obtain
|δw0| =


1√
t(n−n2 (
∑n
i=0
Cin sin(2|n−2i|
νϕ))2
22n
)
, product state;
1√
t(n2−n2 sin2(2nνϕ)) , entangled state;
(23)
where cos 2ϕ = e−γt
ν
. From the above equation, for
probes in the product state and in the maximally en-
tangled state, the optimal interrogation time t can be
very large when nν is even (because when M is even,
limt→∞ sin(2Mϕ) ≈ 0). When nν is odd, the optimal
interrogation time t is finite. So for the Markovian de-
phasing (ν = 1) and non-Markovian dephasing (such as
ν = 2), when the number n is even the optimal resolution
can be close to 0. And for some special non-Markovian
dephasing, when n is odd the optimal resolution can be
close to 0 (because for some ν, nν is even when n is
odd). So comparing with Ramsey spectroscopy, when nν
is even, the optimal measurement can improve the res-
olution greatly. The difference between even and odd
reflects some symmetries, because we consider that all
systems are same, and all environments are also com-
pletely identical.
Then we consider that correlations of environments
aren’t maximal. Suppose that the initial environments
are in the pure state
|Ψ〉E = A |0〉
⊗n + |1〉⊗n√
2
+B(
|0〉+ |1〉√
2
)⊗n, (24)
where A2 + B2 + 21/2−n/2AB = 1 and the strength of
correlations depends on the parameter A (when A = 1
the environments is maximally correlated). Consider a
purification of ρS(φ)
|ΦS,E(φ)〉 =
n∏
i=1
e−iφtZi/2e−i arccos(
√
P (γt))ZiZ
E
i |ψ〉|Ψ〉⊗nE ,
(25)
where P (γt) = 1+exp(−γt
ν)
2 .
For the general correlated environments, the operator
hˆE involves many variational parameters. Here, we just
compute a simple situation (n = 2) in the Markovian
case. The operator hˆE is given by
hˆE =α(X1 +X2) + β(Y1 + Y2) + δ(Z1 + Z2)+
λ1X1X2 + λ2Y1Y2 + λ3Z1Z2 + r1(X1Y2 + Y1X2)
+ r2(X1Z2 + Z1X2) + r3(Y1Z2 + Z1Y2),
(26)
where Xi, Yi, and Zi are the Pauli operators about en-
vironments. By variational approach, we obtain the res-
olution when t is very large,
|δw0| ≃ 1√
t(2 − 8B2(A/√2 +B/2)2(1 + q))
, (27)
here, q = 〈ψ|Z1Z2|ψ〉. It shows that when the environ-
ments are partly correlated (A > 0), the resolution can
also be close to 0 for even particles.
IV. DISCUSSION
For the preciseness, we emphasize that in this arti-
cle, in the Markovian environment the dephasing rate
γ(t) = γt, and in the non-Markovian environment the
dephasing rate γ(t) isn’t linear. And we only consider
the simple power form γ(t) = γtν for the non-Markovian
case. However, the case of ν = 2 is a very general form
arising from early time unitary dynamics. So it is in-
teresting to study the simple power form. The case of
ν = 2 perhaps isn’t a very general form for long time
because this form is normally relevant, only up to the
correlation time of the environment. For example, in the
Ohmic bath, the Markovian result will recover [13] at
long time. Hence, for other forms of γ(t) during long
time, it is worth further studying (it is out of content of
this article).
There is striking difference between even and odd par-
ticles for the precision. Physically, it is the symmetry
that plays an important role, because that n particles
are same and the corresponding environments are also
identical. The even and odd will affect the symmetry so
that the result is different. Mathematically, the odd and
even number will have different function on the global
dephasing rate.
Experimentally, one can put the probe particles in a
single environment, such as the cavity. So the probe par-
ticles interact with the same environment. In another
word, the single environment can be treated as the max-
imally correlated environments.
V. CONCLUSION
Precision frequency metrology in correlated Markovian
and non-Markovian environments is studied. Firstly, we
use a variational approach to obtain the optimal reso-
lution in uncorrelated Markovian environments, recov-
ering the known result. And use the variational ap-
5proach to achieve the best resolution in uncorrelated non-
Markovian environments. As a result, non-Markovian
case is similar to Markovian one: the improvement I is
of the order of 1. Then, in maximally correlated environ-
ments, Ramsey spectroscopy achieves same resolution for
the initial probes in the product state and the maximally
entangled state. Comparing with Ramsey spectroscopy,
the optimal measurement can give much better resolu-
tion. Especially, when the number of particles n is even,
the resolution can be close to 0, in both the Markovian
and general non-Markovian case. For some special non-
Markovian case, the number of particles is odd to make
the resolution become better. It shows some symmetries
to create the difference between odd and even. Finally,
we consider the partly correlated environments, and ob-
tain that the optimal resolution can also be close to 0 for
even particles at a longer interrogation time.
This article will inspire further research about corre-
lated environments. It is meaningful to study quantum
metrology in more complex environments such as asym-
metric environments, and consider the constraints from
practical experiments. Utilizing the correlations among
environments effectively will benefit the quantum infor-
mation processing [24] and quantum computation [25].
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APPENDIX: Summary of Variational Approach
The Fisher information is defined by f(x) =∑
k pk(x)[d ln[pk(x)]/dx]
2, where pk(x) is the probability
of obtaining the set of experimental results k for the pa-
rameter value x. And the QFI is given by the maximum
of the Fisher information over all measurement strategies
allowed by quantum physics:
FQ[ρˆ(x)] = max
{Eˆk}
f [ρˆ(x); {Eˆk}], (28)
where positive operator-valued measures {Eˆk} represents
a specific measurement device.
If the probe state is pure, ρˆ(x) = |ψ(x)〉〈ψ(x)|, the
correspondent expression of the QFI is
FQ[ρˆ(x)] = 4[d〈ψ(x)|
dx
d|ψ(x)〉
dx
− |d〈ψ(x)|
dx
|ψ(x)〉|2]. (29)
When the state ρˆ(x) is mixed, the simple analytical ex-
pression isn’t available. However, it is always possible to
enlarge the size of the original Hilbert space S and build a
pure state |ΦS,E(x)〉〈ΦS,E(x)| in the enlarged space S+E
that fulfills the condition TrE [|ΦS,E(x)〉〈ΦS,E(x)|] =
ρˆS(x). The state |ΦˆS,E(x)〉 is a purification of the state
ρˆS(x) of the system.
A physically motivated upper bound CQ[ΦˆS,E(x)〉] of
FQ[ρˆS(x)] are given:
CQ[ρˆS,E(x)] = FQ[ρˆS,E(x)] ≥ FQ[ρˆS(x)]. (30)
The reason is that when a system and an environment
are monitored together, the information acquired about
unknown parameter cannot be smaller than the informa-
tion obtained when only the system is measured. So the
QFI can be obtained
FQ[ρˆS(x)] = min|ΦS,E(x)〉
CQ[ρˆS,E(x)]. (31)
There is always a unitary operator uˆE(x) that connects
two purifications |ΨS,E(x)〉 and |ΦS,E(x)〉: |ΨS,E(x)〉 =
uˆE(x)|ΦS,E(x)〉 for the same state ρˆS(x). So, given a pu-
rification ΦS,E(x), the QFI can be found by minimizing
CQ[uˆE(x)ρˆS,E(x)uˆ
†
E(x)] over all unitary operators uˆE(x)
on E space.
Then, to define two Hermitian operator hˆE(x) and
HˆS,E(x) by
hˆE(x) = i
duˆ†E(x)
dx
uˆE(x),
i
d|ΦS,E(x)〉
dx
= HˆS,E(x)|ΦS,E(x)〉.
(32)
Using the definitions above, one can derive the Eq.(4).
In order to minimize CQ, the optimum Hermitian oper-
ator hˆ
(opt)
E (x) should satisfy the equation:
hˆ
(opt)
E ρˆE(x) + ρˆE(x)hˆ
(opt)
E =
iTrS [
d|ΦS,E〉
dx
〈ΦS,E | − |ΦS,E〉d〈ΦS,E |
dx
].
(33)
According to the equation above, one may guess the ap-
proximation for hˆ
(opt)
E (x) that depends on the variational
parameters. In this article, at the same time we utilize
the extra symmetry to guess the operator hˆ
(opt)
E (x).
The Eq.(6) represents a purification of probe state at
time t, where the initial probe state is in the pure state
|ψ〉. Suffering from the Markovian dephasing environ-
ment, at time t the non-diagonal term of probe state
should be like the Eq.(2): ρ10(t) = ρ10(0) exp(−2γt) for
a single particle. It is easy to verify it by deriving the re-
duced density matrix in the S space. Obviously, the state
in Eq.(6) is the purification of probe state at time t in
the Markovian environment. In the similar way, a purifi-
cation of probe state in the correlated environment can
be chosen as shown in Eq.(21) and Eq.(25). It is worth
stressing that, the initial state of environment perhaps
isn’t one of the real environment, due to that it is chosen
to purify the state of system for obtaining the QFI.
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